We examine the Hamiltonian structure of nonabelian N=2 superstrings models which are the supergroup manifold extensions of N=2 Green-Schwarz superstring. We find the Kac-Moody and Virasoro type superalgebras of the relevant constraints and present elements of the corresponding quantum theory. A comparison with the type IIA Green-Schwarz superstring moving in a general curved 10-d supergravity background is also given. We find that nonabelian superstrings (for d=10) present a particular case of this general system corresponding to a special choices of the background.
Introduction
In the second paper devoted to nonabelian N = 2 superstrings [1] we present the basic elements of the corresponding hamiltonian formalism which is a necessary starting point in constructing the full quantum theory of this system.
In Sect. 2 we recapitulate the known facts about ordinary Wess-Zumino-NovikovWitten (WZNW) sigma models in the hamiltonian approach [5, 4] , following a version of the latter employed in [3] . It has an advantage of admitting a straightforward extension to the case of nonabelian N = 2 superstrings we are interested in. This system is treated in Sect. 3 : we find the relevant hamiltonian constraints, show how to divide them into the first and second class ones, establish the structure of the Virasoro and Kac-Moody-type superalgebras generated by these constraints. In Sect. 4 we compare our model with the GS superstring moving in a N = 2 d = 10 supergravity background and argue that the former system (for d=10) presents a special solution for the latter one (corresponding to the type IIA).
2 WZNW sigma models as sigma models on G L × G R /G diag coset space. Hamiltonian structure
In this section we recall the basic facts about the hamiltonian formulation of ordinary WZNW sigma models [3, 5, 4] . Analogous techniques will be applied in Sect. 3 to study the hamiltonian structure of nonabelian N = 2 superstrings. For reasons to become clear later, we follow the interpretation of WZNW sigma model on the group G as a sigma model whose target space is the symmetric coset spase G L × G R /G diag . This means that one originally deals with two sets of group coordinates (parametrizing G L and G R ) related through right gauge transformations of G diag . In a customary approach, only one set of the G valued coordinates is introduced, which corresponds to choosing a particular gauge with respect to the right gauge G diag transformations.
We start by writing the general action for the WZNW sigma models [5, 6] coupled to 2D gravity
where l I is a coupling constant, ω a dξ a = U −1 ∂ a Udξ a − is a left-invariant 1-form and U = exp(x µ (ξ 0 , ξ 1 )R µ ) is a two-dimensional matrix field taking values in some Lie group with the algebra [R µ , R ν ] = t λ µν R λ , T r(R µ R ν ) = −η µν (2.2) (for further notations see our previous paper [1] ). Let us make manifest the G L × G R /G diag coset structure of the WZNW sigma model with the action (2.1). To this end we put
where U j = exp(x jµ R µ ) belongs to G L if j = 1 and to G R if j = 2 (for convenience we have related these groups to the same set of generators R µ ). Substituting (2.3) into (2.1) we see that the action (defined now on the whole group G L ⊗ G R ) is trivially invariant under the right gauge G diag transformations U 1 (ξ) → U 1 (ξ)V (ξ) , U 2 (ξ) → U 2 (ξ)V (ξ) , V (ξ) ∈ G diag (2.4) which may be chosen to gauge away half of the original group coordinates. This explains why we can interpret the above WZNW sigma model as a sigma model on the coset space
The variation of the action (2.1) can be represented as
where
It yields the equations of motion in the form
It is worth mentioning that eqs. (2.6),(2.7) look very similar to the equations of motion of nonabelian superstrings (see eqs. (3.44),(3.46) in [1] ). Eqs. (2.6) can be also brought into the form of the current conservation laws
which may be derived directly from the variation (2.5) if we rewrite it as
From this representation for δA it also follows that A is invariant (δA = 0) if δ( √ −gg ab ) = 0 and δU j satisfy the constraints
or, in the conformal gauge
Eqs. (2.8) express the fact of conservation of the corresponding currents
It is known that the general solutions of the eqs. (2.8) have the form 14) whereŨ j are arbitrary G-valued functions. In terms of the chiral variables we, correspondingly, have
where V (ξ 0 , ξ 1 ) is an arbitrary gauge G diag transformation. An unambiguous method of constructing the hamiltonian formalism for WZNW models has been worked out by Witten [5] . This method is based upon the possibility to introduce a nondegenerate symplectic form with the help of which one can define the canonical Poisson brackets. Unfortunately, in the case of nonabelian superstrings [1] the corresponding symplectic form is degenerate and so Witten's method in its original form fails to be efficient. This is the reason why we prefer here a different hamiltonian approach used in [3] . Moreover, we will treat the variables U 1 and U 2 as independent variables connected by the gauge transformation (2.4) (normally, one chooses as the independent variable the principal chiral field U = U 1 U
−1 2
). This will allow us to keep manifest the G L ⊗ G R /G diag coset structure inherent in the WZNW sigma model and to perform a straightforward extension to the case of nonabelian superstrings.
First of all , we rewrite the action (2.1) as a two-dimensional integral by introducing auxiliary field B µν according to
where it is convenient to choose
Of course, the fields B j are well defined only locally [5, 8] (these can be explicitly expressed in terms of local coordinates on G). Then, for the action (2.1) we get the expression 17) where t λµν = −η λρ t ρ µν . The action (2.17) allows one to deal with the ordinary 2D Lagrangian L. This Lagrangian gives rise to the following expression for the canonical momentum 
The quantities A j (j = 1, 2) are the holomorphic and antiholomorphic components of the energy-momentum tensor. Using the definition of the canonical equal time Poisson brackets
after a straightforward calculation we obtain the following algebra of the variables
Thus, the quantities J j µ (ξ) generate two Kac-Moody algebras and, quantizing them ({., .} → −i[., .]), we arrive (choosing an appropriate representation of G) at the quantization of the parameter l I :
, N ∈ Z. To complete an analogy with the nonabelian superstring hamiltonian structure which will be exposed in the next Section, we give the expressions for the temporal components of the Kac-Moody currents (2.13) in terms of the hamiltonian variables (J jµ , ω
Indeed, using the definition (2.19), we find that in terms of the principal chiral field
the quantitiesJ j are represented as
which are just the temporal components of the conserved chiral currents (2.13). These components are often denoted asJ 1 = J,J 2 =J [5, 6, 10] . The charges corresponding tō J 1 ,J 2 generate the left and right global symmetry transformations of the principal chiral field U (the global limit of transformations (2.12))
(2.26)
In the conformal gauge the conservation laws (2.8) and the components (2.25) take the form
Using (2.22) and (2.23) we get the following commutation relation forJ j [5, 6, 4 ]
ThusJ j (ξ) represent two mutually commuting Kac-Moody algebras which are just those which generate the transformations (2.12). The energy-momentum components A j (2.21) can also be expressed in terms ofJ j µ (ξ) (2.24), after that they acquire the familiar Sugawara form (no summation over j!)
(recall that in the standard notation [11, 6] one denotes A 1 = T, A 2 =T ). The quantum versions of these quantities were considered in many papers [5, 6, 10, 12] .
In conclusion we stress that the aim of this section was to perform a consistent hamiltonian consideration of the standard WZNW sigma model from a non-standard point of view, namely as a sigma model on the coset spase G L ⊗ G R /G diag . In the next section we will explore in the same manner the hamiltonian structure of the nonabelian superstrings described by a sigma model on the coset space
3 Hamiltonian structure of nonabelian N = 2 superstring theory. Generalized Siegel's algebra
In [1] we have found that the nonabelian N = 2 superstrings are described by the generic action
where the notation is explained in the previous section and in [1] . We recall that the model with the action (3.1) is the WZNW sigma model defined on the nonsymmetric target superspace G 1 ⊗ G 2 /G + where G 1 and G 2 are the supergroups generated by two mutually commuting superalgebras dual to each other in Cartan's sense [9] (µ, ν, λ, .
with the nondegenerate metrics
Let us note that the supergroups G 1 and G 2 play for the nonabelian superstring sigmamodel the role similar to groups G L and G R for WZNW sigma-model (see the previous section). For further convenience, the one-forms ω j a dξ a (defined on the algebras of G 1 and G 2 ) will be related to the same superalgebra, R
Let us mention here that the definition of the coefficients ω jA b of the Maurer-Cartan forms in this paper is slightly different from the one adopted in [1] . Namely, all the coefficients are the same except for ω 2α a (in [1] we have used −iω 2α a ). We make this redefinition to avoid undesirable factors i in the subsequent formulas.
It is easy to see that if we put all the fermionic forms in the action (3.1) equal to zero (ω jα a = 0) , we arrive just at the action (2.1). Thus the model based upon the action (3.1) is a superextension of the previously considered WZNW sigma model coupled to two dimensional gravity.
Further in this section we will often use the supernotation which is much more concise. Instead of R µ , S α we introduce the generic notation T A , where A runs over all possible indices µ and α. We introduce also the supermetric X AB = Str(T A T B ) = (−η µν , X αβ ). Then the commutation relations (3.5) can be rewritten in the condensed form (t
where the structure constants t A BC obey the Jacobi identity
and t A BC = 0 if (A) + (B) + (C) = 0. Here (A) is the Grassman parity of the generator T A : (A) = 0 (mod 2) if A = µ and (A) = 1 (mod 2) if A = α. It is also useful to introduce the structure constants with the lowered indices t ABC = X AD t D BC . These constants possess the following symmetry properties
Here and in eqs. (3.7) we put (−) A = (−1) (A) , etc. . Using the supernotation one can rewrite the one-forms ω
where z jM = (x jµ , θ jα ) are the even and odd parameters of the supergroups G j and E jA M are the one-forms coefficients which can be identified with supervelbeins. The MaurerCartan equations (see (3.15) in [1] ) can be rewritten as
Let us return to studying the system with the action (3.1). Like in the case considered in the previous section it is not so trivial to explore the hamiltonian structure for this action because of nonlocality of the WZ term in eq. (3.1). One might try to treat such an action using Witten's approach [5] . However, as was mentioned in previous Section, this approach does not apply straightforwardly to our model, because the corresponding symplectic form is degenerate and therefore (as we will see) there appear constraints on the hamiltonian variables. By this reason, it proves more fruitful to use the techniques displayed in the previous section. To this end, it is necessary to rewrite WZ term as a two-dimensional integral by introducing an auxiliary fields B j (see eq. (2.16)) defined by the equation (which is valid only locally)
Now the action (3.1) is rewritten in the form
Here B j = B jA T A and L(ξ) is the Lagrangian of our model. This Lagrangian results in the following expression for the canonical momentum . That is why we will have constraints on these variables. We will disscuss these constraints below.
Further for convenience we will reserve the letters K, L, M, N, ... for the indices of the group parameters z jK and for the low indices of the supervielbeins E 
Now let us note that the dependence of P j M (3.13) on the fields B jA means that the expression (3.13) is ill-defined globally. Using the inverse supermatrices E jM A and eq. (3.13) we can introduce the quantities which are linear combinations of the coefficients of the left-invariant forms (3.9) and by construction are independent of B jA (cf. eq. (2.19))
These quantities are related to the conserved currents appearing in the nonabelian superstring model (see (3. 
We have also to add the constraint following from the action (3.12) by varying it with respect to the two-dimensional metric g ab (see eq. (2.7) )
or, in the equivalent form
In terms of the hamiltonian variables (3.13), (3.15) these constraints can be rewritten as
We stress that eq. (3.20) is valid only on shell and A j are none other than the components of the energy-momentum tensor (see (2.21) 
Using the definition (3.11) of the auxiliary fields B j we find that the quantities (3.15) form two (j = 1, 2) mutually commuting Kac-Moody superalgebras with respect to the Poisson superbrackets (3.21)
Note that J 1 A and J
2
A do not generate independent superalgebras in view of the constraints (3.17) (treated in the weak sense). We stress that the algebra
, ω iα } with respect to the Poisson brackets represents a special case of the BergshoeffSezgin algebra [2] . Now we can use the relations (3.22), (3.23) to obtain the following superalgebra of the primary constraints (3.16),(3.17),(3.20)
It is seen from eqs. 
then the quantities D j α (ξ) are definite combinations of the second and first class constraints in a full analogy with the ordinary superstring theory [13, 14, 15] . We recall here that the action (3.1) possesses κ-supersymmetry if the matricesΓ µ exist [1] . To find correct expressions for the first class constraints (which can be linear combinations of the quantities A j , J µ and D j α ) it is necessary to examine how they evolve with time. First of all, let us note that the canonical hamiltonian for our model (3.1) can be chosen as a linear combination of the constraints (3.16)
Here the integration goes over the spatial coordinate ξ 1 = ξ (for simplicity, we assume that all functions are periodical, f (ξ) = f (ξ + 2π)), and f 
Using the commutation relations (3.24 -3.29) one can show that eqs. (3.32 -3.34) amount to the following consistency conditions
If Γ µ αβ satisfy (3.30), then the general solution to these equations is
Heref j γ are arbitrary odd functions. Substituting the new expression for the Lagrange multiplier (3.36) into (3.31) we obtain the hamiltonian in the form
It is easy to check that the quantities B jβ generate, modulo the constraints (3.16), the local fermionic κ-supersymmetry transformations (ω
New quantitiesÃ j , B jα and J µ are the first class constraints but this set of constraints is not closed with respect to the Poisson brackets and thus must be completed. Commuting these generators among themselves leads to an extended algebra of the first class constraints which is a generalization of Siegel's A, B, C, D superalgebra [14] appearing in the ordinary superstring theory. Now we introduce, besides the forms (3.15) , the following currents (cf. the currents (2.24), (2.25))J
Using the field equations following from the action (3.1) (see eqs. (3.47) in [1] ) we find thatJ j in the conformal gauge satisfy the equations (cf. (2.8), (2.27))
Thus we see thatJ j are the temporal components of the conserved currents assotiated with the left and right global supersymmetries. The components (3.41) also form KacMoody superalgebras with respect to (3.21)
We see from (3.22), (3.42) and (3.44) that the superalgebras J j A andJ j A (j = 1, 2) constitute a direct sum of four mutually commuting Kac-Moody superalgebras. Now let us discuss the constraints (3.20) , (3.38) in more detail. Using formulas (3.41) we can rewrite the energy-momentum tensor components A j (ξ) as
or, for the improved first class constraintÃ j (3.38), (cf. eqs. (2.31))
where g 1 = g 2 = g 3 = −1/(8l I ). The expression (3.46) gives us the coset version [16] of the Sugawara representation of the classical Virasoro algebra. It is interesting to note that eqs. (3.15), (3.20) and (3.45) imply
where in the right hand side we find the generators of the superstring reparametrization. Now one may canonically quantize the Kac-Moody superalgebras (3.22) and (3.42) using the substitution [., .] ± = i{., .} and following the consideration in refs. [17] . As a result, we obtain (choosing the appropriate representation V of the superalgebra (3.5)) that the parameter l I is quantized,
, N being a positive integer, and the equal time commutators for the Fourier components of J andJ become
A exp(−inξ). Now we can define the vacuum | 0 > such that J jn A | 0 >=J jn A | 0 >= 0 for (n > 0, j = 1) and for (n < 0, j = 2). To quantize the first class constraints (3.46) it is necessary, in an entire analogy with the consideration in papers [6, 16, 17] , to pass to the normal ordering in expression (3.46) and to properly renormalize the constants g 1 , g 2 and g 3 . Namely, we have to put
where C V and C V 0 are the quadratic Casimir invariants for the superalgebra (3.5) and its even subalgebra (2.2), respectively,
We recall here (see eq. (3.46)) that the classical values for g 1 , g 2 and g 3 are g 1 = g 2 = g 3 = −1/(8l I ) = 2π/N (cf. with (3.51)). Only with the choice (3.51) the normally ordered quantitiesÃ j generate the Virasoro algebras
where the central charge c is defined according to the coset construction approach [16] as
and g 1 are the even and odd sectors of the superalgebra (3.5), respectively).
To close this section, we would like to stress that the knowledge of the central charge is important for drawing information about the vanishing of the conformal anomalies and about critical dimensions of our nonabelian N = 2 superstring models. However, the existence of the first and second class constraints relating the hamiltonian variables requires a more careful treatment of the quantum theory (e.g. , it is necesary to introduce harmonics and ghosts [15] ) and we expect that the corresponding results for ordinary GS superstring [18] will be helpful in this aspect. 4 An interplay between the nonabelian superstrings and the superstrings in a general N = 2 supergravity background
It is interesting to compare our nonabelian superstring models (for the particular case d = 10, D = 16) with the models of superstrings moving in a curved 10-d supergravity background. We will see that our models provide special solutions for N = 2 10 − d supergravity.
First of all, let us bring the action (3.12) into the general form of the action for the superstring evaluating in an arbitrary curved N = 2 10 − d superspace [19, 20, 21] 
Here Φ(z) is the dilaton superfield, which appears in the superfield formulation of the type II supergravities [20, 21, 22] ; η µν is the flat 10-dimensional metric, z M = {x µ , θ 1α , θ 2α } are the coordinates of the coset space G 1 ⊗ G 2 /G + (we can fix the gauge freedom by the condition x 1µ + x 2µ = 0 and then put x µ = x 1µ − x 2µ ) ; and 
Nonlocal fields B jA ′ and supervielbeins E jA ′ N have been defined in eqs. (3.11), (4.2). Let us also introduce the two-form B related to the tensor
Here we deal with the one-forms
Then we can define a closed three-form
Using formulas (3.7), (3.10), (3.11), (4.2) and (4.4) we obtain for the three-form H the following representation (it is useful to rewrite (3.10) as
Here Γ µ,αβ = t µαβ = −η µν t ν αβ . For the components of H we have
The remaining components vanish. Let us now recall the definition of the torsion 
Introducing the supermatrices e
we can rewrite (4.11), (4.12) in the form
We stress here once more that the multi-indices (iC ′ ) and (iB ′ ) run over (µ, αi), for each i, while A, B, ... over (µ, (α1), (β2)). This means that the supermatrices e are not independent and we can express the torsion components (4.13), (4.14) in terms of a single supermatrix, for example in terms of e 
Conclusion
In this paper we have constructed the hamiltonian formulation for the nonabelian N=2 superstring models proposed in [1] . This allowed us to deduce some elements of the corresponding quantum theory. It seems that the complete quantum consideretion will require the whole arsenal of the methods worked out for the covariant quantization of Green-Schwarz superstring [13, 15, 18] . In particular, the relevant ghosts and harmonic variables are to be introduced (see [15, 18] ). In refs. [19, 20, 21, 22] , it has been shown, within the Lagrangian approach, that the requirement of κ-supersymmetry in the sigma models of the type (4.1) leads to the constraints on the supergravity background which are precisely the same as those imposed in the standard superspace formulation of 10-d supergravity. Using our approach one can easily derive an analogous result in the framework of the Hamiltonian formalism.
It could be very interesting to apply our methods to the case of nonabelian superstring model based on the supergroup Osp(2 | 1), the structure constants of which satisfy (3.30) . This model can be interpreted as a Green-Schwarz superstring moving in 3-dimensional curved superspace which is coset space Osp(2 | 1) ⊗ Osp(2 | 1) * /Sp(2).
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